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In this chapter we will give a derivation of the Vignale-Kohn functional [12,13]. The
derivation contains two main steps which consist of first establishing some properties
of the exchange-correlation kernel for the homogeneous electron gas and secondly
using these properties together with basic conservation laws and other exact relations
to construct an expression for the exchange-correlation kernel of the inhomogeneous
electron gas. The main results of each of the steps are summarized in the next section.
In the remaining sections we will show the derivation of these steps in some detail.
4.2 Summary of the Main Results
4.2.1 The Exchange-Correlation Kernel of the Homogeneous
Electron Gas
In sections 4.3 and 4.4 we show that the exchange-correlation kernel of the homoge-





fhxcL(k, ω)kikj + f
h
xcT (k, ω)(|k|2δij − kikj)
]
, (4.1)
where fhxcL(k, ω) and f
h
xcT (k, ω) are the longitudinal and transverse response kernels,
respectively. Their explicit expressions are given in Eqs. (4.65) and (4.66). One can
show that in the limit k → 0 the kernels fhxcL,T (k, ω) are finite functions of the




fhxcL,T (k, ω) = f
h
xcL,T (ω). (4.2)
This relation is essential for the derivation of the Vignale-Kohn functional. With this







xcT (ω)(|k|2δij − kikj)
]
(4.3)
is a good approximation whenever k ≪ kF , ω/vF where kF is the Fermi momentum
and vF the Fermi velocity. We use Eq. (4.3) extensively in section 4.5 where we
discuss the weakly inhomogeneous electron gas.
4.2.2 The Weakly Inhomogeneous Electron Gas
In section 4.5 we consider a weakly modulated electron gas with ground-state density
ρ0(r) = ρ(1 + 2γ cos (q · r)) (4.4)
with γ ≪ 1. The parameter γ determines the amplitude of the density oscillation and
the wave vector q is a parameter that determines the rapidity of the oscillation. The
density is periodic in the direction a according to
ρ0(r+ a) = ρ0(r) (4.5)
for q · a = 2πm where m is an integer. The exchange-correlation kernel then has the
same periodicity
fxc,ij(r+ a, r
′ + a) = fxc,ij(r, r′). (4.6)
For this reason one can readily show that fxc,ij(r, r












where the coefficients in this expansion are defined as








where V is the volume of the system. For these coefficients it is not difficult to see
that to first order in γ only the coefficients for m = 0,±1 contribute in the expansion
(4.7). Furthermore, for m = 0 it is not difficult to see that to first order in γ
fxc,ij(k,k, ω) = f
h
xc,ij(k, ω), (4.9)
which can be obtained from Eq. (4.3). It therefore remains to find an explicit expres-
sion for fxc,ij(k± q,k, ω) that can be inserted into Eq. (4.7).
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4.2.3 The Exhange-Correlation Kernel to First Order in γ
It turns out that to first order in γ the form of fxc,ij(k ± q,k, ω) is completely
determined by the following constraints
fxc,ij(k+mq,k, ω) = fxc,ji(−k,−k−mq, ω) (4.10)
lim
q→0





































The derivations of these constraints are given in sections 4.5.2 and 4.5.3. Equation
(4.10) is obtained from the Onsager symmetry relation given in Eq. (3.83). Equation
(4.12) is the Ward identity which follows directly by consideration of a system with
a constant density change (as caused by a shift of the chemical potential). Equations
(4.13) and Eq.(4.14) are derived from the zero-force and zero-torque theorems given
in Eqs. (3.86) and (3.87). In section 4.5.4 we show that together these constraints
lead to the following explicit expression for fxc,ij(k+ q,k, ω) to first order in γ,
fxc,ij(k+ q,k, ω) = − γ
ω2
{





δijk · (k+ q) +A(ρ, ω)(ki + qi)kj





























fhxcL(k, ω = 0). (4.18)
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4.2.4 The Vignale-Kohn Functional in Real Space
In section 4.5.5 we show that we can obtain an expression for the exchange-correlation
vector potential in real space from the explicit expression of the exchange-correlation
kernel given in Eq. (4.15). We start from the first-order change in the exchange-

























where we used the expansion of the exchange-correlation kernel of Eq. (4.7) and where





If we now insert the explict forms of Eqs. (4.3) and (4.15) into Eq. (4.19) and use the
explicit form of the density of the weakly inhomogeneous electron gas given in Eq.













where δvALDAxc (r, ω) is the first order change in the ALDA exchange-correlation po-
tential given in Eq. (2.26) and we defined the tensor σxc(r, ω) as
σxc,ij(r, ω) = η˜xc(r, ω)
[




+ ζ˜xc(r, ω)δij(∇ · u), (4.22)
where we defined the velocity field as u(r, ω) = δj(r, ω)/ρ0(r) and we defined the
coefficients




fhxcT (ρ0, ω) (4.23)








fhxcT (ρ0, ω)− fhxcL(ρ0, ω = 0)
]
. (4.24)
In the following sections we will go through the derivation of these steps in some
detail.
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4.3 The Homogeneous Electron gas
We see from Eq. (3.15) that the density-density response function and the current-
current response function (at T = 0) are given by, respectively,
χρρ(r, t, r
′, t′) = −iΘ(t− t′)〈Ψ0|[ρˆ(r, t)H0 , ρˆ(r′, t′)H0 ]|Ψ0〉 (4.25)
χjj,ij(r, t, r
′, t′) = −iΘ(t− t′)〈Ψ0|[ˆjp,i(r, t)H0 , jˆp,j(r′, t′)H0 ]|Ψ0〉
+ρ0(r)δijδ(r− r′)δ(t− t′), (4.26)
where |Ψ0〉 is the ground state. The electron gas represents a model physical system
for which the many-body effects can be studied in detail. It is the starting point for
many approximations in density functional theory. Because of translational symmetry
all response functions of the electron gas depends only on the relative vector. For the





dr′dt′χij(r− r′, t− t′)δAj(r′, t′), (4.27)
where for notational convenience we have left out the subindex jj of the current-current
response function. We will continue to do so in the remaining of this chapter. Here
we chose the gauge such that all perturbations are included in the vector potential,
i.e., δv(r, t) is equal to zero at all times t. Equation (4.27) is of convolution form and




χij(k, ω)δAj(k, ω), (4.28)









and we use the convention that the arguments of Fourier transformed quantities are
denoted by the symbols k, q or p. In Fourier space it is easy to characterize whether
a vector field A(k) is tranverse or longitudinal. A field is called transverse if
A(k) · k = 0, (4.31)
i.e., if the field is perpendicular to k. On the other hand, if
k×A(k) = 0, (4.32)
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i.e., if A(k) = α(k)k for some function α(k), then the field is called longitudinal.
For finite k an arbitrary field A(k) can always be split up into its transverse and
longitudinal parts as follows
A(k) = AT (k) +AL(k) (4.33)
AL(k) = (A(k) · k) k|k|2 (4.34)
AT (k) = A(k) − (A(k) · k) k|k|2 =
1
|k|2k× (k×A(k)). (4.35)
Because of the isotropy of the electron gas a longitudinal vector field induces a longi-
tudinal current. This defines the longitudinal response function χL(k, ω) by
δjL(k, ω) = χL(k, ω)δAL(k, ω). (4.36)
Similarly, a transverse field induces a transverse current. This defines the transverse
response function χT (k, ω), i.e.,
δjT (k, ω) = χT (k, ω)δAT (k, ω). (4.37)
The response to a general field can then be obtained by splitting it in its transverse
and longitudinal parts as in Eqs. (4.34) and (4.35). So we obtain




χij(k, ω)δAj(k, ω), (4.38)
where
χij(k, ω) = χL(k, ω)
kikj
|k|2 + χT (k, ω)(δij −
kikj
|k|2 ). (4.39)
It is readily seen that the inverse response function χ−1ij (k, ω) has the same structure







(δij − kikj|k|2 ). (4.40)
It is instructive to work out the relation between χL(k, ω) and the density-density
response function for the case that we only have an external scalar potential δv(r, t).
In that case the induced density is given by
δρ(r, t) =
∫
dr′dt′χρρ(r − r′, t− t′)δv(r′, t′). (4.41)
If we do a Fourier transformation we obtain
δρ(k, ω) = Π(k, ω)δv(k, ω), (4.42)
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where we defined Π(k, ω) = χρρ(k, ω) in order to avoid confusion with χij . The
scalar potential can be transformed into a longitudinal vector potential by the gauge
transformation given in Eq. (2.29) with Λ(r, t) a solution of Eq. (2.31). In Fourier
space this means that Λ(k, ω) is given by
iωΛ(k, ω) = δv(k, ω), (4.43)
and the vector potential becomes






which is a longitudinal vector field. We further consider the continuity equation
∂δρ(r, t)
∂t
= −∇ · δj(r, t), (4.46)
in Fourier space which gives
iωδρ(k, ω) = ik · δj(k, ω). (4.47)
With this expression we then obtain
δρ(k, ω) =
k · δj(k, ω)
ω
=





χL(k, ω)δv(k, ω). (4.48)




Finally, we give some useful relations to extract the longitudinal and transverse re-










χii(k, ω) = χL(k, ω) + 2χT (k, ω), (4.51)
we have





(δij − kikj|k|2 )χij(k, ω). (4.52)
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4.4 TDCDFT for the Homogeneous Electron Gas
As explained in section 2.6 in TDCDFT we introduce the set of Kohn-Sham potentials
{vs(r, t),As(r, t)} that reproduces the true induced current density of an interacting
system with potentials {v(r, t),A(r, t)} in a noninteracting system. Here and in the
remaining of this chapter we choose the gauge such that in the interacting and non-
interacting system all perturbations are included in the vector potential, i.e., δv(r, t)
and δvs(r, t) are equal to zero for all times t. We then have the following expression





dr′dt′χij,s(r, t, r′, t′)δAj,s(r′, t′), (4.53)
where









is the longitudinal vector potential corresponding to the dynamic Hartree potential.





dr′dt′fxc,ij(r, t, r′, t′)δjj(r′, t′). (4.56)





χij,s(k, ω)δAj,s(k, ω), (4.57)
where
δAs(k, ω) = δA(k, ω) +
k
ω





fxc,ij(k, ω)δjj(k, ω). (4.59)
For any practical application of TDCDFT we need an approximation for δAxc(k, ω).
Let us therefore analyze this term a bit further. If we express δvH(k, ω) in terms of




4πk · δj(k, ω)
ω|k|2 , (4.60)
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we have
δAxc(k, ω) = δAs(k, ω)− δA(k, ω)− 4πk
ω2|k|2k · δj(k, ω). (4.61)
From this equation we immediately see that
fxc,ij(k, ω) = χ
−1
ij,s(k, ω)− χ−1ij (k, ω)−
4πkikj
ω2|k|2 . (4.62)



















(δij − kikj|k|2 ), (4.63)
where χL,s and χT,s are the noninteracting longitudinal and transverse response func-






fhxcL(k, ω)kikj + f
h
xcT (k, ω)(|k|2δij − kikj)
]
. (4.64)
















− 4π|k|2 , (4.65)
and










In these equations Πs is the Kohn-Sham density-density response function. We see
that fhxcL coincides with the fxc of scalar TDDFT. It was shown by Vignale and
Kohn [12, 13] that in the limit k → 0 the kernels fhxcL,T (k, ω) are finite functions of
the frequency according to
lim
k→0
fhxcL,T (k, ω) = f
h
xcL,T (ω) (4.67)







xcT (ω)(|k|2δij − kikj)
]
(4.68)
is a good approximation if |k| ≪ kF , ω/vF where kF is the Fermi momentum and
vF is the Fermi velocity. This result will be important later in the derivation of the
Vignale-Kohn expression for the exchange-correlation vector potential.
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4.5 The Weakly Inhomogeneous Electron Gas
4.5.1 The Expansion of the Exchange-Correlation Kernel
We now consider the case of the weakly inhomogeneous electron gas with a ground-
state density
ρ0(r) = ρ(1 + 2γ cos (q · r)), (4.69)
and γ ≪ 1. This density is periodic in the direction a,
ρ0(r+ a) = ρ0(r), (4.70)
for q · a = 2πm where m is an integer. The exchange-correlation kernel then has the
same periodicity
fxc,ij(r+ a, r
′ + a, ω) = fxc,ij(r, r′, ω). (4.71)
We then define the following coefficients








where V is the volume of the system. Formally the volume is infinite and therefore Eq.
(4.72) should be understood in the appropriate limit. If fxc,ij satisfies the periodicity












The proof goes as follows. Let A be the right-hand side of Eq. (4.73). Then by











































where in the last step we made the substitution x→ x+ r. We can now write x as
x = x qˆ+ y e1 + z e2, (4.75)
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where qˆ is a unit vector in the q-direction and e1 and e2 are unit vectors which
are orthogonal to q and to each other. Then this coordinate transformation has a
Jacobian equal to one. Because of Eq. (4.71) we now have that in Eq. (4.74) we can
write
fxc,ij(x+ r,x+ r
′, ω) = fxc,ij(x qˆ+ r, x qˆ+ r′, ω). (4.76)







dx fxc,ij(x qˆ + r, x qˆ+ r
′, ω)e−imqx, (4.77)






























where we again used the periodicity condition Eq. (4.71). We note that the above
expressions must be understood in the appropriate limit. We have thus proved Eq.
(4.73).
4.5.2 First Order in the Inhomogeneity and the Ward Identity
Now we are going to study the exchange-correlation kernel to first order in the inho-
mogeneity parameter γ. We define the density deviation form homogeneity as
δρ(r) = ρ0(r)− ρ = 2γρ cos(q · r). (4.80)
Then fxc,ij(r, r
′, ω) can be functionally Taylor-expanded as
fxc,ij(r, r
′, ω) = fxc,ij(ρ, r, r′, ω) +
∫
dr′′gxc,ij(ρ, r, r′, r′′, ω)δρ(r′′) +O(δρ2)(4.81)
= fhxc,ij(ρ, r− r′, ω)
+ 2γρ
∫
d3r′′ghxc,ij(ρ, r− r′′, r′ − r′′, ω) cos(q · r′′) +O(γ2), (4.82)
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where we defined the function
gxc,ij(r, r





This can be done since the response functions and hence fxc,ij(r, r
′, ω) are ground-
state expectation values and therefore functionals of the ground-state density. We
used in Eq. (4.82) that any n-point function F in the homogeneous electron gas is
translationally invariant, i.e.,
F (r, . . . , rn) = F (r+ a, . . . , rn + a), (4.84)
for any vector a. In particular we can choose a = −rn and therefore
F (r, . . . , rn) = F (r− rn, . . . , rn−1 − rn, 0). (4.85)
We can now write the function ghxc,ij in a Fourier expansion as























































Comparing this expression to the expansion in Eq. (4.73) we immediately find that
to first order in γ
fxc,ij(k,k, ω) = f
h
xc,ij(k, ω) (4.90)
fxc,ij(k± q,k, ω) = γρ ghxc,ij(k ± q,k, ω). (4.91)
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This means that to first order in the inhomogeneity parameter γ we have the following



















This is an important relation that will be used in the remainder of this section. It
now remains to find an expression for the expansion coefficients fxc,ij(k ± q,k, ω).
The form of these coefficients is fixed by a number of exact relations. If we take the
q→ 0 limit of Eq. (4.89) we obtain
fxc,ij(r, r







ghxc,ij(p,p, ω) = lim
q→0
ghxc,ij(p± q,p, ω). (4.94)
Here we write the limit since it is important when p = 0. On the other hand in the
q→ 0 limit the density change is simply δρ(r) = 2γρ and therefore
fxc,ij(r, r
′, ω) = fhxc,ij(ρ+ 2γρ, r− r′, ω) (4.95)
= fhxc,ij(ρ, r− r′, ω) + 2γρ
∂fhxc,ij(ρ, r− r′, ω)
∂ρ
+O(γ2) (4.96)








Comparing Eq. (4.97) to Eq. (4.93) we see that
lim
q→0




With Eq. (4.91) this yields
lim
q→0




This relation is referred to by Vignale and Kohn as the Ward identity [12, 13]. It is
very important for our later expansion in gradients of the density ρ0(r) since it allows
us to replace the density dependence of the gradient expansion coefficients on ρ by
ρ0(r). We will discuss this in detail later.
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4.5.3 The Onsager Relation and the Conservation Laws
When the Onsager symmetry relation (3.83) is inserted in the definition Eq. (4.72)
we find
fxc,ij(k+mq,k, ω) = fxc,ji(−k,−k−mq, ω). (4.100)
Furthermore, from the constraints set by the zero-force and zero-torque theorems
given in Eqs. (3.86) and (3.87) it follows that to first order in γ we have
lim
k→0
fxc,ij(k+ q,k, ω) = −γ[fhxc,ij(q, ω)−
qiqj
ω2





























































fhxcL(ρ,k, ω = 0)e
ik·r(δ(k− q) + δ(k+ q))+O(γ2)
= vhxc(ρ)+γρf
h
xcL(ρ,q, ω = 0)(e
iq·r + e−iq·r)+O(γ2), (4.104)
where we used the inversion symmetry fhxcL(−q) = fhxcL(q). If we insert this equation
(4.104) into the right-hand side of Eq. (4.103) and collect on both sides the terms that
























fhxcL(q, ω = 0)(e
iq·r + e−iq·r). (4.105)
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fhxcL(q, ω = 0)(e
iq·r + e−iq·r). (4.106)
If we compare the exponents on both sides we thus find
lim
k→0





fhxcL(q, ω = 0)
]
, (4.107)
which proves Eq. (4.101).
The other relation given in Eq. (4.102) can be proved similarly. We first note that by
















The function (r′k − rk)fxc,ij(r, r′, ω) also satisfies the periodicity condition given in
Eq. (4.71) and thus has the expansion






































If we now insert expression (4.104) in the right-hand side and collect terms to first
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(q, ω)(eiq·r − e−iq·r) =
− iγρ
ω2













(k± q,k, ω) = ± γ














This proves equation (4.102).
It is important to note that the expressions in Eqs. (4.101) and (4.102) are valid
for general q. To arrive at the Vignale-Kohn expression for the exchange-correlation








xcT (ω)(|q|2δij − qiqj)
]
, (4.114)
which is a good approximation when q ≪ kF and q ≪ ω/vF . We see that here
the constraints on the Fourier component of the homogeneous electron gas impose
contraints on q for the inhomogeneous electron gas kernel fxc(k ± q,k, ω). Under


























and then equations (4.101) and (4.102) become
lim
k→0
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fhxcL(k, ω = 0). (4.118)
We have derived all equations that determine fxc,ij(k + q,k, ω).
4.5.4 Explicit Form of the Exchange-Correlation Kernel to
First Order in γ
Let us now summarize the equations that determine fxc,ij(k+ q,k, ω),
fxc,ij(k+mq,k, ω)= fxc,ji(−k,−k−mq, ω) (4.119)
lim
q→0





































In Eq. (4.121) we used again the limiting form of Eq. (4.68) which is a good ap-
proximation when k ≪ kF and k ≪ ω/vF . Now Eqs. (4.121), (4.122) and (4.123)
immediately tell us that fxc,ij(k + q,k, ω) is a quadratic function of k and q of the
form
fxc,ij(k+ q,k, ω) = Cqiqj +Dδijq






C = − γ
ω2
(δfhxcL(ω)− fhxcT (ω)) (4.125)






















and where γijnm are coefficients to be determined. Let us now use the Onsager relation
of Eq. (4.119). For that we have to make the substitution k→ −k−q and interchange
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the indices i and j. From Eq. (4.124) we then obtain





γjimnqm(kn + qn). (4.129)
Comparing Eq. (4.124) and (4.129) in the limit k→ 0 and using the Onsager relation
of Eq. (4.119) then yields the identity
∑
mn
γjimnqmqn = Eqiqj + Fδijq
2. (4.130)
Since qiqj for i ≤ j are independent functions it follows immediately from this relation
that
γjimn = αδimδjn + βδjmδin + Fδijδmn, (4.131)
where α + β = E. If we insert this relation back into Eq. (4.124) we obtain the
expression
fxc,ij(k + q,k, ω) = Cqiqj +Dδijq
2 + Ekikj + Fδijk · (k+ q)
+ αqikj + (E − α)qjki. (4.132)
















ǫljk(Fδijqk + αqiδjk + (E − α)qjδik)
































+ 3fhxcT (ω)− δfhxcL(ω)
]
. (4.135)
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When we insert this in Eq. (4.132) and collect our results we obtain the expression
derived by Vignale and Kohn for the exchange-correlation kernel [12, 13],
fxc,ij(k+ q,k, ω) = − γ
ω2
{





δijk · (k+ q) +A(ρ, ω)(ki + qi)kj





















+ 3fhxcT (ω)− δfhxcL(ω)
]
. (4.138)
We have now completely determined the exchange-correlation kernel to first order in
γ. All that remains now is to reconstruct the kernel in real space.
4.5.5 Construction of the Vignale-Kohn Functional in Real
Space
Having obtained the form of Eq. (4.136) we will now construct the exchange-correlation
vector potential in real space. Let the frequency-dependent functions δj(r, ω) and
δAxc(r, ω) be the first order change in the current density and the exchange-correlation





dr′fxc,ij(r, r′, ω)δjj(r′, ω). (4.139)
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If we now for notational convenience write
fhxc,ij(k, ω) = Pkikj +Qδijk
2 (4.142)
fxc,ij(k+mq,k, ω) = Rqiqj + Sδijq
2 + Tδijk · (k+mq)










R = − γ
ω2
(δfhxcL(ω)− fhxcT (ω)) (4.146)





























+ 3fhxcT (ω)− δfhxcL(ω)
]
, (4.150)
then the integral in Eq. (4.140) can be rewritten as




























































ki(kj +mqj) δjj(k, ω)e
ik·r. (4.151)
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The integrals in this expression are now easily evaluated (they all basically amount

















ik·r = − 1
γρ
[R∂i∂jρ0(r)






k · (k+mq)δjj(k, ω)eik·r = − 1
γρ
[δρ(r)∇2δjj(r, ω)







ik·r = − 1
γρ
[δρ(r)∂i∂jδjj(r, ω)







ik·r = − 1
γρ
[δρ(r)∂i∂jδjj(r, ω)
+ ∂jρ0(r)∂iδjj(r, ω)], (4.157)
where we used the definition of ρ0(r) and δρ(r) as in Eq. (4.80). Our expression for
δAxc(r, ω) therefore becomes in real space,




P∂i∂jδjj(r, ω) +Qδij∇2δjj(r, ω) + 1
γρ
[R∂i∂jρ0(r)












[δρ(r)∂i∂jδjj(r, ω) + ∂jρ0(r) ∂iδjj(r, ω)]
)
. (4.158)
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This can be rewritten as
























































(3fhxcT (ω)− δfhxcL(ω)), (4.160)
















fhxcT (ρ0(r), ω) (4.161)
P −Q+ 1
γρ





















(fhxcL(ρ0(r), ω) − 2fhxcT (ρ0(r), ω). (4.162)
We thus see that the Ward identity has allowed us to replace ρ by ρ0(r) in f
h
xcL,T (ω).
This is essential for applying the theory to systems with a general density profile and
is a necessary requirement for the existence of a gradient expansion in terms of ρ0(r).
4.5 The Weakly Inhomogeneous Electron Gas 81
Our expression for δAxc(r, ω) now attains the form,






fhxcT (ρ0, ω)(∂iδjj(r, ω) + ∂jδji(r, ω))











[R∂i∂jρ0(r) + δijS∇2ρ0(r)] δjj(r, ω)
)
. (4.163)

















xcT (ω)(δji∂jρ0 + δjj∂iρ0) + (δf
h






{fhxcT (ω)(∂jδji∂jρ0 + ∂jδjj∂iρ0)
+(δfhxcL(ω)− 2fhxcT (ω))∂iδjj∂jρ0}. (4.164)
This brings the equation for δAxc(r, ω) in the form,






fhxcT (ρ0, ω)(∂iδjj(r, ω) + ∂jδji(r, ω))









fhxcT (ω)(δji∂jρ0 + δjj∂iρ0)














(3fhxcT (ω)− δfhxcL)(∂jρ0∂iδjj − ∂iρ0∂jδjj). (4.165)
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xc (r, ω), (4.166)
where we used the continuity equation ∇ · δj(r, ω) = iωδρ(r, ω) where δρ(r, ω) is the
first order density change due to the applied field and δvALDAxc (r, ω) the first order
change in the ALDA exchange-correlation potential which is given in Eq. (2.26). We













fhxcT (ρ0, ω)(∂iδjj(r, ω) + ∂jδji(r, ω))









fhxcT (ω)(δji∂jρ0 + δjj∂iρ0)








fhxcT (ω)(∂iδjj + ∂jδji)
+(δfhxcL(ω)− 2fhxcT (ω))δij(∇ · δj)
}
. (4.167)
The last two lines are proportional to derivatives of ρ0(r) and therefore of first order
in γ. Since 1/ρ = 1/ρ0(r) + O(γ) and f
h
xcL,T (ρ, ω) = f
h
xcL,T (ρ, ω) + O(γ) we can
replace ρ → ρ0(r) in these last two lines and rewrite this expression up to terms of
















xcT (ρ0, ω)(∂iδjj(r, ω) + ∂jδji(r, ω))
+ ρ0(δf
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xcT (ρ0, ω)(δji∂jρ0 + δjj∂iρ0)




























xcL(ρ0, ω)− 2fhxcT (ρ0, ω))δij
[∇ · δj
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xcT (ρ0, ω)(∂iuj(r, ω) + ∂jui(r, ω))
+ ρ20(δf
h
xcL(ρ0, ω)− 2fhxcT (ρ0, ω))δij∇ · u(r, ω)
}
, (4.168)
where we defined the velocity field as u(r, ω) = δj(r, ω)/ρ0(r). The latter expression













σxc,ij(r, ω) = η˜xc(r, ω)
[




+ ζ˜xc(r, ω)δij(∇ · u), (4.170)
and we defined the coefficients




fhxcT (ρ0, ω) (4.171)







fhxcT (ρ0, ω)− fhxcL(ρ0, ω = 0)] (4.172)
The equation Eq. (4.169) is the form of the Vignale-Kohn functional as derived by
Vignale, Ullrich and Conti [46]. We note that σxc(r, ω) has the structure of a sym-
metric viscoelastic stress tensor.
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4.6 The Response Coefficients fhxcL,T (ρ, ω)
The longitudinal and transverse response coefficients of the homogeneous electron
gas fhxcL(ρ, ω) and f
h
xcT (ρ, ω) still have to be specified. These functions are well
studied [14, 15, 47–49]. In Fourier space they are defined as
lim
k→0









where χL,T (k, ω) is the current-current longitudinal (transverse) response function of
the homogeneous electron gas, χs,L,T (k, ω) are the equivalent response functions of the
noninteracting homogeneous electron gas, vL(k) = 4π/k
2 is the Fourier transform of
the Coulomb potential, and vT (k) = 0. The identity limk→0 fhxcL,T (k, ω) ≡ fhxcL,T (ω)
was obtained by Vignale and Kohn [13, 50]. Note that fhxcL(k, ω) as defined in Eq.
(4.173) coincides with fhxc(k, ω) from scalar TDDFT and it can thus be related to the
local field correction G(k, ω) according to
fhxcL(k, ω) = −vL(k)G(k, ω). (4.174)
The response functions χs,L,T (k, ω) in Eq. (4.173) are well-known functions first
calculated by Lindhard [51] and are given by








ω − (ǫp+k − ǫp) + iη (4.175)
and













ω − (ǫp+k − ǫp) + iη , (4.176)
where ǫk = k
2/2 is the free particle energy and f(ǫp) is the Fermi distribution function.
The full response functions χL,T (k, ω) are not known analytically though. There are,
however, well-known exact features of χL,T (k, ω) and G(k, ω) obtained from sum
rules and results from second-order perturbative expansions. From these features and
the relations (4.173) and (4.174) Gross and Kohn (GK) obtained exact properties of
fhxcL(k, ω) for the three-dimensional electron gas [45, 52]. We summarize them here









4.6 The Response Coefficients fhxcL,T (ρ, ω) 85

























3. According to the best estimates of ǫhxc(ρ) [54, 55] we have for all densities ρ
fL,0(ρ) < fL,∞(ρ) < 0. (4.179)
4. The function fhxcL(k, ω) is complex-valued and obeys the following symmetry
relations,
RefhxcL(k, ω) = Ref
h
xcL(k,−ω) (4.180)
ImfhxcL(k, ω) = −ImfhxcL(k,−ω). (4.181)
5. Since fhxcL(k, ω) is an analytic functions of ω in the upper half of the complex
ω-plane and approaches a real function for ω → ∞ it satisfies the standard
Kramers-Kro¨nig relations,









ω′ − ω , (4.182)







ω′ − ω , (4.183)
where P denotes the principle value of the integral.
6. The imaginary part of fhxcL(k, ω) has the following behavior in the limit ω →∞,
lim
ω→∞




for all k < ∞ [56]. The constant cL was obtained from a second-order per-






7. The result obtained in 6 together with the Kramers-Kro¨nig relations in 5 give
the following behavior for the real part of fhxcL(k, ω) in the limit ω →∞ [45],
lim
ω→∞




Because c > 0 this means that f∞ is approached from above.
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Under some implicit assumptions Gross and Kohn derived an interpolation formula
for the imaginary part of fhxcL(k, ω) in the limit k→ 0 which satisfies all of the above
mentioned exact features [45]. It is given by

























with f0(ρ), f∞(ρ), and cL determined by Eqs. (4.177), (4.178), and (4.185), respec-
tively. The real part of ImfhxcL(ω) can subsequently be obtained from Eq. (4.182)










ω′ − ω . (4.191)
The implicit assumptions mentioned above are that the right-hand sides of Eqs.
(4.177) and (4.178) do not change upon the interchange of the order of limits on
the left-hand sides of these equations. However, it was shown by Conti and Vignale
that upon the interchange of the order of limits in Eq. (4.177) the right-hand side
acquires an extra term. We will discuss this later in this section.
A different approach to obtain fhxcL(ω) as well as f
h
xcT (ω) was given by Conti,
Nifos`ı, and Tosi (CNT) [14]. They calculated ImfxcL,T (ω) by direct evaluation of
the imaginary parts of the current-current response functions, ImχL,T (k, ω). CNT
used an exact expression for ImχL,T (k, ω) in terms of four-point response functions
which were subsequently approximated by decoupling them into products of two-
point response functions. In order to include the effect of plasmons the two-point
response functions were then taken to be the RPA response functions. This decoupling
scheme only keeps direct contributions and neglects exchange processes. To account
for the latter processes CNT introduced a phenomenological factor which reduces the
total two-pair spectral weight by a factor of 2 in the high-frequency limit. In the
low-frequency limit the factor is close to unity at metallic densities, thereby largely
neglecting exchange processes. A distinct feature of the CNT result is a pronounced
peak at ω = 2ωpl in ImfxcL,T (ω), where ωpl is the plasmon frequency. Since the
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double excitations take up most of the spectral strength and the plasmon excitation is
large with respect to single-pair excitations, the spectral strength accumulates around
ω = 2ωpl. The high-frequency behavior of the imaginary part of f
h
xcL(ω) is equal to
Eq. (4.184) with cL = 23π/15 in accordance with the result obtained by Glick and








with cT = 16π/15. The real parts of fxcL,T(ω) can again be obtained from the
Kramers-Kro¨nig relation (4.182) where the high-frequency limit of fhxcL(ω) is given in























The low-frequency limit of fhxcL(ω) was obtained from Eq. (4.177). Thereby CNT
assume that the order of the limits on the left-hand side of Eq. (4.177) can be inter-
changed without significantly changing the result on the right-hand side. Since they
expect the discontinuity in the limit (k, ω) → (0, 0) to be small and since its exact
value is unknown they prefer to enforce equality of the order of limits. Furthermore,
CNT introduced parametrizations for ImfxcL,T (ω) that reproduce their numerical
results. They are given by








+Θ(ω − 2) d0
√






Imfh,CNTxcT (ω) = 0.72Imf
h,CNT
xcL (ω). (4.195)
In the above expression ω is in units of the plasmon frequency ωpl =
√
4πρ and fCNTxcL,T
is in units of 2ωpl/ρ. The function gx(ω) in the parametrizations is the phenomeno-
logical factor that accounts for exchange proccesses. It is given by
gx(ω) =
β + 0.5ω/(2ǫF )
1 + ω/(2ǫF )
, (4.196)
where ǫF = k
2
F /2 is the Fermi energy, in which the Fermi momentum kF is given by
k3F = (3π
2ρ). The fit parameters c0, c1, d0, d1, ω1, ω2, β depend on the Wigner-Seitz
radius rs (4πr
3
s/3 = 1/ρ) and can be found in the CNT paper (Ref. [14]) for several
values of rs.
Conti and Vignale [49] obtained exact results for limω→0 limk→0 fxcL,T(k, ω) by
comparing the microscopic linear-response equations with the macroscopic viscoelastic
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where the tilde in f˜L,0(ρ) and f˜T,0(ρ) indicates that these quantities were obtained
from taking the reverse order of limits with respect to the order of limits that was
used to obtain fL,0 in Eq. (4.177). The quantity µxc is the exchange-correlation part
of the shear modulus and Kxc is the exchange-correlation part of the bulk modulus






From Eqs. (4.197) and (4.199) we observe that interchanging the order of limits on
the left-hand side of Eq. (4.177) gives an extra term on the right-hand side equal to
4µxc/3. The shear modulus remains finite in the ω → 0 limit because the q → 0 limit
is taken before the ω → 0 limit. Taking the reverse order of limits would result in a
shear modulus equal to zero. In that limit, however, fhxcT (k, ω) is no longer related to
the shear modulus, but to the diamagnetic susceptibility, which is very small. From
the above considerations we see that effectively GK and CNT make the approximation
µxc = 0.
Let us now write Eqs. (4.171) and (4.172) in terms of the homogeneous electron
gas density ρ
η˜hxc(r, ω) = −
ρ2
iω
fhxcT (ρ, ω) (4.200)












where we used that








From Eqs. (4.197), (4.198), and (4.199) we observe that the coefficient ζhxc(r, ω) con-
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Qian and Vignale (QV) [15] combined the methods of GK and CNT. They obtained
an analytic result for the slope of ImfxcL,T (ω) at ω = 0 by evaluating ImχL,T (k, ω)
within perturbation theory in a similar way as CNT. The direct contributions were
treated the same, but QV also included their exchange counterparts in the evaluation.









SL = − 1
45π
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Here λ is defined as λ =
√
πkF . They then adopted the interpolation scheme of
GK for ImfxcL,T (ω) but with the coefficients now determined by their analytic result
for the slope at ω = 0 in Eq. (4.205) and the correct low-frequency limits given
in Eqs. (4.197) and (4.198) as well as the correct high-frequency behavior. Their







(1 + bL,T ω˜2)5/4
+ ω˜2 exp
[





where ω˜ = ω/(2ωpl). We see that the first term is the GK interpolation formula. The
second term arises from the extra constraint given in Eq. (4.205). It models the two-
plasmon contribution first identified by CNT. The requirement that this contribution
has its maximum value near ω = 2ωpl yields the following relation between ΩL,T and
ΓL,T ,
ΩL,T = 1− 3ΓL,T
2
. (4.209)
The parameter aL,T is fixed by the low-frequency result given in Eq. (4.205) and
the parameter bL,T is fixed by the high-frequency results given in Eqs. (4.178) and
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The values for µxc that enter f˜L,T,0(ρ) can be obtained for some values of rs either
from Eq. (4.204) using the Landau parameters calculated by Yasuhara and Ousaka [57]
as was done by Qian and Vignale (QV) [15] or from the direct calculations of µxc by
Nifos`ı, Conti, and Tosi (NCT) [48]. However, NCT do not expect their values for
µxc to be very accurate as they were obtained from the integration over the whole
frequency range of ImfxcT (ω) using an equivalent expression of the Kramers-Kro¨nig
relation at k = 0 given in Eq. (4.191) for the transverse coefficient. A comparison
of µxc obtained with the two calculations mentioned above is given in Table 4.1 up
to rs = 5 from which it is clear that the two calculations yield quite different results
especially for the higher rs values.
Let us now evaluate Eqs. (4.171) and (4.172) in the limit ω → 0. These equations
can be rewritten as




fhxcT (ρ0, ω) (4.214)













where we used Eq. (4.202). Using Eq. (4.203) we obtain the following limits,
lim
ω→0





ωζ˜xc(r, ω) = 0. (4.217)
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rs 0.5 1 2 3 4 5
QV - 0.00738 0.00770 0.00801 0.00837 0.00869
NCT 0.0065 0.0064 0.0052 0.0037 0.0020 0.0002
Table 4.1: µxc in units of 2ωplρ
So only the imaginary part of ωη˜xc(r, ω) remains finite in this limit and ωζ˜xc(r, ω)
vanishes identically. In the limit ω → 0 the VK functional with the CNT parame-
trization for fhxcL,T (ω) obviously reduces to the ALDA, as it was constructed under
the assumption fhxcT (ρ, 0) = 0 which means that the tensor σxc(r, ω) given in Eq.
(4.170) vanishes in this limit. The static limit of the VK functional with the QV
parametrization is not equal to the ALDA since in this parametrization fhxcT (ρ, 0) is
nonzero.
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